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We study the Hamiltonian of optical fields in a nonlinear dispersive fiber. Quantum field
fluctuations are created spontaneously close to an optical event horizon through the analog
Hawking effect. We consider the simplest model for an optical black-hole laser, where the Hawking
radiation is produced and amplified inside a cavity created by two close horizons: a black hole
and a white hole. We find that the resonant Hawking radiation originates from a discrete set of
instabilities and can tunnel out of the horizons. Unlike other methods, we determine the most
efficiently amplified instability that dominates the resonant Hawking process.
PhySH: quantum aspects of black holes, laboratory studies of gravity, optical fibers, Kerr effect.
I. INTRODUCTION
Hawking radiation is the flux of particles with thermal
spectrum that escape from a black hole [1]. It is consid-
ered a fundamental phenomenon of quantum field theory
in curved spacetimes and used as a test for possible the-
ories of quantum gravity [2, 3]. Although its formulation
is based in widely accepted physical principles, its astro-
physical observation seems unlikely, at least in the near
future.
In 1981, Unruh realized that the same effect occurs in
moving fluids [4]. This opened the possibility of observ-
ing analog Hawking radiation in the laboratory instead
of directly from an astrophysical black hole. The analog
phenomenon occurs close to a sonic horizon in a mov-
ing fluid—close to the interface that separates a subsonic
and a supersonic current. A thermal flux of phonons is
generated spontaneously from the sonic horizon into the
subsonic region. This effect originates from the impossi-
bility of defining a global vacuum state that is adapted
to both fluid regions.
Unruh’s work inspired other proposals to test predic-
tions of gravitation and cosmology with analog systems
in laboratories of condensed matter and optics such as:
water tanks [5, 6], liquid helium [7, 8], Bose-Einstein con-
densates (BECs) [9–11], optical fibers [12, 13], and spin-
tronic materials [14]. A new configuration emerging from
these studies is the so-called “black-hole laser” [15], that
consists in a stationary finite transonic fluid: its flow
changes from subsonic to supersonic and after a finite
region back to subsonic. This establishes two horizons—
one black hole (BH) and one white hole (WH)—that con-
fine Hawking radiation in the region between them. The
radiation is self-amplified because the two horizons be-
have as mirrors in a resonant cavity—similar to a laser.
This process exists in sonic analogs (as BECs) if the
quantum field is bosonic and the dispersion relation is
anomalous. The same effect was extended to the optical
∗ E-mail: dbermudez@fis.cinvestav.mx;
Website: https://www.fis.cinvestav.mx/˜dbermudez/
case to obtain an “optical black-hole laser” (OBHL) for
a bosonic field and a normal dispersion relation [16, 17].
The theory of instabilities describes this amplification
process [18, 19] by analyzing the quantum excitations
generated spontaneously in a moving medium. This
method was previously applied in condensed matter [10]
and in this work we develop it in optics. We use the
flat velocity profile approximation and obtain informa-
tion that is usually hidden in the technical difficulties
of more complicated models: Hawking radiation escapes
from the cavity, the resonant modes come from a discrete
set of instabilities in the system, and the cavity modes
have different lifetimes.
This work is organized as follows. In Section II we
start from the Hamiltonian for light in an optical fiber
to find the dynamical equation for a quantum field and
the dispersion relation for a spontaneous fluctuation. In
Section III, we analyze the OBHL configuration with real
frequencies and describe its kinetics. We obtain the in-
stabilities by introducing complex frequencies in Section
IV. In Section V, we compare these results with the res-
onances from a plane-wave model and introduce a phe-
nomenological model to expand the physical picture. Fi-
nally, we present our conclusions in Section VI.
II. QUANTUM FLUCTUATIONS
PROPAGATING IN AN OPTICAL FIBER
When an electromagnetic wave travels inside a
medium, it interacts with its bound electrons, such that
its group velocity depends in the optical frequency of the
wave ω, as described by the material dispersion. If the
medium is an optical fiber, we also consider the nonlinear
coupling between the electromagnetic field of the ingoing
wave and the electron polarization. Our goal is to analyze
the dynamics of a quantum field fluctuation propagating
inside an optical fiber and generated close to an optical
horizon through the analog Hawking effect.
Let us start from the Hamiltonian for light in optical
fibers by Drummond [20, 21] given by H = HL + HNL,
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2where HL is the linear part of the Hamiltonian
HL =~
∫ [
ωΨ†Ψ +
i
2
u
(
∂xΨ
†Ψ−Ψ†∂xΨ
)
−1
2
u3β2∂xΨ
†∂xΨ
]
dx, (1)
and HNL is the nonlinear part
HNL = κ
∫
Ψ2†Ψ2dx. (2)
The excitations of the quantum field Ψ(x, t) propagate
inside an optical fiber and satisfy the following commu-
tation relation
[Ψ(x, t),Ψ(x′, t)] = δ(x− x′). (3)
Considering the Hamiltonian in the interaction picture,
this quantum field obeys the following equation of motion
(∂t + u∂x)Ψ =
[
− i
2
u3β2∂
2
x + iκΨ
†Ψ
]
Ψ, (4)
where u = β−11 = (∂ωβ)
−1|ωc is the group velocity of the
field, β2 = ∂
2
ωβ|ωc , β2 is the group-velocity dispersion
(GVD) parameter, ωc is the central frequency, and κ is a
constant that characterizes the nonlinear coupling of the
field with itself. The first term in Eq. (4) suggests the
following coordinate transformation
τ = t− x
u
, x′ = x, (5)
that introduces a reference frame moving with the pulse.
The change of coordinates also produces
∂x = ∂x′ − 1
u
∂τ , ∂t = ∂τ . (6)
Substituting Eqs. (6) in (4) and considering that x ut,
the spatial derivative can be neglected to find
i∂x′Ψ− β2
2
∂2τΨ + κβ1Ψ
†ΨΨ = 0. (7)
This is a nonlinear Schro¨dinger equation (NLSE) where
the time and space variables have been interchanged; this
equation describes the propagation of a quantum field
in a nonlinear medium (Ψ†ΨΨ) with dispersive effects
(∂2τΨ).
A. Linearization of the quantum fluctuation
Consider a field propagating inside an optical fiber de-
scribed by Eq. (7). If this field is a continuous wave—
called pump pulse—its amplitude Ψ(x, τ) does not de-
pend on τ as the field is stationary during propagation
and we can propose
Ψ(x) =
√
neiκβ1nx, (8)
where n = |Ψ|2 is the photon density. Let us see if this
solution is stable under a small fluctuation φ(x, τ), i.e.,
Ψ→ Ψ′ = Ψ + φ(x, τ)eiκβ1nx such that
Ψ′(x, τ) = eiκβ1nx
[√
n+ φ(x, τ)
]
. (9)
Inserting Eq. (9) in (7), we find the equation for the
propagation of a linear fluctuation φ under a background
field:
i∂xφ− β2
2
∂2τφ+ κβ1n(φ+ φ
∗) = 0. (10)
We propose a plane-wave solution
φ(x, τ) = a1e
i(βx−ωτ) + a∗2e
−i(βx−ωτ), (11)
and separate linearly independent terms to obtain the
following system of equations(−β + β22 ω2 + κβ1n κβ1n
κβ1n β +
β2
2 ω
2 + κβ1n
)(
a1
a2
)
=
(
0
0
)
.
(12)
The terms out of the diagonal mix positive and nega-
tive frequency (or norm) modes—an essential ingredient
of the Hawking process [22]. This leads to non trivial
solutions if
β2 = κnβ1β2ω
2 +
β22
4
ω4, (13)
that can be modeled as
β2 =
ω2
c2
(
b21 + b2ω
2
)
, (14)
with b21 = κnc
2β1β2 and b2 = c
2β22/4 given by material
constants and the group velocity of the pulse. This is a
normal dispersion, because β(ω) increases with ω as is
usual in optics [17].
It is useful to replace the propagation distance x for
a propagation time ζ = x/u and keep the delay as τ =
t − x/u such that the frame comoving with the pulse
is described by the coordinates (ζ, τ) and the comoving
frequency ω′ is conserved [22, 23]. The Doppler shift
between the frequencies in the two frames is
ω′ = γ(ω − uβeff(ω)) = γω
(
1− n(ω) + δn
ng0
)
, (15)
where γ = (1−u2/c2)−1/2, ng0 = c/u, and we used the re-
lation βeff(ω) = neff(ω)ω/c. The effective refractive index
neff(ω) = n(ω)+δn, has two contributions: the refractive
index of the fiber n(ω) and the change in refractive index
due to the optical Kerr effect δn. By reorganizing Eq.
(15), we find the following dispersion relation[
ng0
γb1
ω′ − ωv(τ)
]2
= ω2 +
ω4
Ω20
, (16)
where Ω20 = b
2
1/b2, and we define the velocity profile of
the optical medium as
v(τ) =
ng0 − δn(τ)
b1
, (17)
3i.e., the change of the group index scaled by b1. We
refer to this dimensionless quantity as velocity in analogy
with the dispersion relation in fluids [15]. The system is
stationary in the comoving medium and the change in
velocity is due to the change in refractive index δn.
To simplify the notation, without loss of generality we
set b1 = 1 and absorb the constant ng0/γ in ω
′. Then,
the dispersion relation for the optical case is
[ω′ − ωv(τ)]2 = ω2 + ω
4
Ω20
. (18)
As the dispersion relation is of forth-order in ω, a general
solution for a fluctuation in the system with fixed ω′ is
φ(ζ, τ) = e−iω
′ζ
4∑
j=1
Aje
−iωjτ . (19)
B. Optical analog of the event horizon
In fluid analogs of the event horizon, the moving
medium represents the black-hole spacetime and waves
in the medium represent light waves. In optics, the anal-
ogy goes one step further: waves are indeed light waves,
but a light pulse propagating in a dielectric replaces the
moving medium or the black-hole spacetime [23].
To create an optical horizon we send a short laser pulse
with optical power I(τ)—called pump—that slows down
waves by raising the local refractive index of a medium
by the Kerr effect:
neff(ω, τ) = n(ω) + δn(τ) = n(ω) + n2I(τ). (20)
The resulting refractive index profile establishes the effec-
tive spacetime curvature where waves propagate. If light
is slowed below the pump speed, the pump moves super-
luminally and two horizons are formed at the boundaries
between sub- and superluminal propagation: light can-
not enter the trailing edge of the pulse or cannot escape
from the leading edge of the pulse. In analogy with the
metric of spacetime in the vicinity of a black hole, the
leading and trailing edges of the pulse act as a black hole
(BH) or a white hole (WH) event horizon, respectively
[12, 24]. We show the horizons created by a soliton in
Fig. 1(a).
The Hawking effect is the spontaneous creation of par-
ticles around a black-hole horizon due to the mixing of
positive and negative frequency modes. In the optical
analog, the field is the electromagnetic field and the hori-
zon is formed by light in a dielectric. The studies of
analog systems has given us more freedom to study the
Hawking effect in different configurations that cannot be
obtained in astrophysics, such as the black-hole laser.
III. OPTICAL BLACK-HOLE LASER
In an optical black-hole laser (OBHL) a fluctuation
generated by the analog Hawking effect is trapped and
amplified in a cavity made by light. This concept inspired
the so-called temporal waveguide, where light is trapped,
not in space as in a waveguide, but in time between two
pulses. The temporal waveguide has been proposed as
a way of increasing the data speed transmission through
optical fibers [25].
The optical cavity is created in the region between two
independent pumps or solitons at the same frequency ωc
and placed at a certain distance xc (or time τc) from each
other, such that in the comoving frame their location
remains constant. Each pulse has a BH and a WH, but
the cavity is formed only by the inner horizons of the two
pulses [12, 17], as shown in Fig. 1(a): The cavity is the
shaded region between a WH and a BH.
In a dispersive system the group velocity depends on
the frequency and each frequency experiences the horizon
is in a different spatial point: the horizon is “fuzzy”;
this complicates its theoretical analysis. For this reason
we use a simplified model, where the cavity is formed,
not by solitons, but by sharp changes of refractive index,
called step-index model [26] or front-induced [24]. In this
model, the cavity is a region with δn = 0 and the exterior
with δn = δnmax (see Fig. 1(b)).
The main difference between the soliton and the step-
index model is how fast the refractive index changes. In
the step-index model, the refractive index is constant and
its change is discontinuous. Although both models ful-
fill the definition of an OBHL, the step-index is simpler
and is the one we use for the theoretical studies in this
work. The horizons still create analog Hawking radiation
inside and outside the cavity and the cavity amplifies the
trapped modes.
A. Numerical method: OBHL with real frequencies
The step-index model defines two different regions for
v(τ): a subluminal region outside the cavity (I and III)
where v1 = ng0 − δnmax and a superluminal region that
forms the cavity (II) where v2 = ng0. Notice that v(τ)
is positive because in the comoving frame the medium
moves to the right. In the optical case we can only vary
the velocity outside the region v1, while v2 is kept fixed,
unlike the sonic case, where the flow in any region can be
modified [27]. This is because the velocity profile in the
optical case is modified by a δn that can only decrease
the effective refractive index.
The OBHL configuration is only valid for values of ω′
close to the horizon ω′h and limited by δnmax, see Sec-
tion III C. The dispersion relation (18) is shown in Fig.
2(a), the shadowed region marks the region of comoving
frequencies (ω′h-max, ω
′
h) trapped by the cavity.
If a fluctuation is spontaneously generated in the cav-
ity with frequency ω2ur, its comoving frequency ω
′(ω2ur)
would be conserved. This mode can be dispersed into
four possible modes in the cavity and two outside. These
modes are shown in Fig. 2(a) and are obtained by nu-
merically solving Eq. (18) for v1 and v2.
4WH
WH
FIG. 1. (a) Cavity formed by two solitons in the comoving
frame, where the white- (WH) and black- (BH) hole hori-
zons are marked. (b) Cavity in the step index model. Below
each image we show the corresponding velocity profile v(τ),
marking three regions: I and III are the subluminal regions
or exterior, and II is the superluminal region or cavity.
The frequency modes that solve Eq. (18) are labeled
with a subindex ‘u’ for counterpropagating or ‘v’ for co-
propagating modes and ‘1’ for those in the subluminal
region v1 or ‘2’ in the superluminal one v2. In Fig. 2(a),
the copropagating branch for the relevant frequencies is
almost a straight line, reflecting that these modes are
not dispersed, while the counterpropagating branch is a
highly dispersive curve. For ω < 0, the solutions labeled
as ω1u and ω2u are negative-frequency or negative-norm
modes [28]. For ω > 0 and v1 there is only one solution
in the copropagating branch ω1v, for v2 there are three
modes, one copropagating ω2v and two counterpropagat-
ing ω2ul and ω2ur. The labels in the last two solutions
specify if the modes move to the left (l) or right (r) in the
comoving frame. Modes ω2ul and ω2ur can be confined
in the cavity [27], as they fulfill the resonance condition,
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FIG. 2. (a) Dispersion relation (18) in the comoving frame for
the subluminal regions with δnmax (blue) and for the super-
luminal regio with δn = 0 (green). The colored stripe marks
the interval of comoving frequencies for the OBHL configu-
ration. The conservation of comoving frequency gives two
modes ω1u and ω1v in the subluminal regions and four ω2u,
ω2v, ω2ur, and ω2ul in the superluminal region. The param-
eters are ω′ = 0.294PHz, Ω0 = 1.861PHz, ng0 = 1.488, and
δnmax = 0.1. (b) Diagram of the evolution of a trapped mode
ω2ur for real frequencies, the escaping mode ω1u is the reso-
nant Hawking radiation. Solid [dashed] lines refer to positive
[negative] frequency modes.
see Fig. 2(b) and Section V.
B. Direction of travel
The direction of travel is given by the sign of the group
velocity vg for the frequency modes of dispersion relation
(18):
vg(ω, δn) =
∂ω
∂β
=
c
δn+
2ω2 + Ω20
ω2 + Ω20
√
1 +
ω2
Ω20
. (21)
5The counterpropagating modes (u) move with positive
velocity (to the right in the laboratory frame) and the
copropagating modes (v) move with negative velocity
vu(ω, δn) = vg(ω, δn), vv(ω, δn) = −vg(ω, δn). (22)
We can describe the modes in the subluminal region with
δn = δnmax and those in the superluminal region with
δn = 0. The normalized group velocity in the laboratory
frame vg/c is shown for all modes in Fig. 3(a). As the
dispersion is normal, the velocity diminishes when the
frequency increases.
In the comoving frame, the dimensionless velocity for
each mode is given by
v′(ω, δn) =
∂ω′
∂ω
= ng0 ±
(
δn+
2ω2 + Ω20
ω2 + Ω20
√
1 +
ω2
Ω20
)
.
(23)
For the counterpropagating and copropagating modes we
have
v′u = ng0 −
c
vg(ω, δn)
, v′v = ng0 +
c
vg(ω, δn)
. (24)
setting δn = δnmax for the subluminal region and δn = 0
for the superluminal. These dimensionless velocities are
shown in Fig. 3(b). The copropagating (v) modes are
positive for any frequency ω—they move in the same di-
rection as the medium v(τ)—while the counterpropagat-
ing (u) modes invert its direction of travel to low fre-
quencies; the limiting frequencies are the horizons ±ωh
and are marked with vertical dashed lines in Fig 3(b).
We study next why it is more convenient to define the
horizons as frequencies in dispersive systems.
In the sonic case only the counterpropagating curve
in the supersonic region 2u inverts its direction of travel
[10]. In the optical case both regions 1u and 2u can invert
it because the dimensionless velocity fulfills δn  ng0
in both regions close to the horizon for low frequencies.
However, for energies close to the horizon—the ones we
are interested in—only the 2u modes have low-enough
frequencies.
C. Horizons
We have previously defined a horizon as a spatial limit
that separates the two regions of spacetime for the modes
of the field, as in Fig. 1. We can easily find its location if
we match the velocity of the fluctuation with the velocity
of the moving medium. In a dispersionless case, as in
astrophysics, the horizon is a single spatial point for any
frequency of the quantum field. In a dispersive case, as
is usual in analog systems, the horizon is fuzzy in space
but still uniquely defined in frequency.
For this reason, we define the horizon as the frequency
ωh where the velocity of counterpropagating modes in
the superluminal region v′2u is zero, i.e., they are blocked.
The definition is then
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FIG. 3. Group velocity in the laboratory (a) and comoving
(b) frames for the 2u (green), 1u (purple), 1v (pink), 2v (blue)
modes. The horizons ±ωh are marked with dashed lines and
the solutions from Fig. 2 with colored circles.
v′u(ω)|ω=ωh = 0. (25)
Solving this equation, we find
ωh = ± Ω0
2
√
2
√
v2 − 4± v
√
v2 + 8, (26)
with v = v2. The general solution for the horizon for any
δn is obtained with v = v′u, the counterpropagating ve-
locity in the comoving frame. This equation is equivalent
to Eq. (24) in Ref. [29] and Eq. (3.4) in Ref. [10].
D. Transluminal velocity
Now we consider the minimal velocity v(τ) to reach the
horizon, i.e., given ω′, ng0, and Ω0, what is the velocity
for modes ω2ur and ω2ul to exist (are real) and be equal?
We call this the transluminal velocity vt = ng0 − δnt
and δnt the transluminal refractive index. Following Ref.
[10], this quantity can be found analytically using an aux-
iliary function q(ω′,Ω0):
q = 270
Ω20
ω′2
+ 729
Ω40
ω′4
+
33/2Ω0
ω′
(
27
Ω20
ω′2
− 4
)3/2
− 2, (27)
6to find
δnt =
√
1 +
ω′2
3Ω20
(
q1/3
21/3
− 1
)
+
21/3
3q1/3
(
ω′2
Ω20
+ 54
)
.
(28)
For example, to fit the infrared horizon in an optical fiber
used in analog gravity experiments [13], the values are
ω′ = 0.294PHz and Ω0 = 1.862PHz, we find that δnt =
0.06. As the value is smaller than δnmax = 0.1, these
frequencies are blocked by the horizons, remain trapped
inside the cavity, and are amplified by the Hawking effect;
only resonant Hawking radiation escapes the cavity.
IV. INSTABILITIES
Instabilities are inherent to the analysis of the dynam-
ics of fluctuations generated by a moving medium [18].
Up to now we described these fluctuations using its nor-
mal modes, i.e., plane waves of the form e−i(ωτ+ω
′ζ), see
Eq. (19). These frequencies are usually considered real
to describe a plane wave, but in general they can be com-
plex, allowing the introduction of amplification or atten-
uation processes [19].
We are interested in the process that amplifies Hawk-
ing radiation produced as a fluctuation inside the cav-
ity. We take ω′ = ω′R + iω
′
I with ω
′
I(ω) > 0, such that
the perturbation grows exponentially with propagation
time ζ, such modes are known as unstable. Modes with
ω′I < 0 are known as damped or stable [30] and modes
with ω′I = 0 are called neutral, as those in the previous
section. Neutral modes have been used to describe a clas-
sical version of the field φ in the OBHL and obtain its
evolution and amplification [16, 17]. However, in these
works the input field needs to be tested one frequency at
a time to find those with the highest amplification rate.
In this work, we use a quantum description to find the
instabilities and obtain the mode with the highest ampli-
fication by comparing their respective ω′I , as this mode
dominates the evolution.
A. Analytic method: OBHL with complex
frequencies
In this section we apply the theory of instabilities to
the OBHL. We first need to generalize the previous so-
lutions to complex values of ω and ω′. Notice that Eq.
(18) is a quartic equation in ω and its canonical form is
ω4 + dω3 + eω2 + fω + g = 0, (29)
with the following coefficients
d = 0, e =
(
1− v2
)
Ω20, f = 2vω
′Ω20, g = −ω′2Ω20. (30)
This type of equations with d = 0 can be reduced to an
auxiliary cubic equation
ω3 +
e
2
ω2 +
e2 − 4g
16
ω − f
2
64
= 0. (31)
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FIG. 4. The four analytic solutions—real (green solid) and
imaginary parts (blue dashed)—in terms of the fluid velocity
v for fixed values of ω′ = 0.294PHz and Ω0 = 1.861PHz. The
transluminal velocity vt (vertical dashed) is also shown. The
solutions ωu and ωv are real for any v, but ωur and ωul are
complex for v < vt.
Its solutions p1, p2 and p3 can be obtained in the usual
way and from those, the four solutions of the quartic
equation can be recovered
ω =
√
p1 ± (√p2 +√p3), (32a)
ω = −√p1 ± (√p2 −√p3). (32b)
These are the analytic solutions for the dispersion rela-
tion (18); they are very long, but can be used for analytic
calculations in symbolic software. In this way, we obtain
all four solutions in each region of the OBHL. The be-
havior of the four complex solutions depends on the value
of v(τ), as seen in Fig. 4. The transluminal velocity vt
marks a change of behavior in the nature of the solutions,
where ωur and ωul become complex.
Let us return to the solutions analyzed in Section III
and shown in Figs. 2 and 3. The analytic solutions for
the same conditions are obtained in the complex ω plane
and shown as points with black outline in Fig. 5. We
obtain the same six results from the numerical method:
four in the superluminal region and two in the sublumi-
nal region, but also two extra solutions in the subluminal
region that are complex conjugate of each other and do
not appear in the usual treatment of the OBHL. In Refs.
[29, 31] they are called evanescent modes, but they are
less relevant as their norm is zero in those treatments.
Recently, Isoard and Pavloff [32] used them to calculate
the temperature of the Hawking spectrum in a recent
experiment in BECs [11]. These additional solutions de-
scribe exponentially growing or decreasing modes, and
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FIG. 5. Analytic solutions in the complex space of ω after
adding a small imaginary part ω′I ≥ 0 to ω′. These are the
same six real solutions plus two new ones, completing four so-
lutions for both regions. The solutions for ω′I = 0 are marked
with black outline. Dashed lines in ωh help us find the direc-
tion of travel for the 2u modes: ω2u, ω2ur, and ω2ul.
we can write them as
e−iωτ = e−i(ωR+iωI)τ = eωIτe−iωRτ . (33)
B. Qualitative and quantitative description
We now search for the instabilities of the OBHL; modes
with complex comoving frequency ω′ = ω′R + iω
′
I such
that ω′I > 0, whose amplitude increases exponentially
with propagation time
e−iω
′ζ = e−i(ω
′
R+iω
′
I)ζ = eω
′
Iζe−iω
′
Rζ . (34)
We start by finding the conditions that the field fluc-
tuation φ(τ) from Eq. (19) must satisfy in τ by dividing
it in three regions I, II and III as:
φI = A · e−iω1τ , A = (A1, A2, A3, A4), (35a)
φII = B · e−iω2τ , B = (B1, B2, B3, B4), (35b)
φIII = C · e−iω1τ , C = (C1, C2, C3, C4), (35c)
where
e−iω1τ = (e−iω11τ , e−iω12τ , e−iω13τ , e−iω14τ ), (36a)
e−iω2τ = (e−iω21τ , e−iω22τ , e−iω23τ , e−iω24τ ). (36b)
A global mode of the cavity depends on ω′ (this fixes four
values ω1 in the subluminal region and other four ω2 in
the superluminal one) and the three vectors A,B,C that
the describe the mode amplitudes, four complex coeffi-
cients in each one.
We consider only normalizable cavity states. For this,
we keep only the modes that decay far away from the
cavity by setting to zero the amplitude of the unbounded
IIIIII WH BH
τ
flow
v1
FIG. 6. Mode diagram for an OBHL with instabilities in
τ . The coefficients Aj , Cj shown describe the most general
normalizable solution for the field φ. Solid [dashed] lines refer
to positive- [negative-] frequency modes.
modes outside the cavity. From the values in Fig. 5, and
the Eq. (33) we notice that Im(ω1ur) > 0, so it decays
to the left τ → −∞, while Im(ω1ul) < 0 and it decays to
the right τ → ∞. When we add a small imaginary part
ω′I > 0 to ω
′, all ω values become complex (colored points
in Fig. 5). Modes with Im(ω) > 0 increase with τ and
modes with Im(ω) < 0 decrease with it. This behavior is
depicted in Fig. 6, where A1 = A2 = C3 = C4 = 0 for the
fluctuation φ(τ) to be square-integrable. The remaining
8 coefficients should be found to completely describe a
cavity mode.
C. Confined states
We use the transfer matrix method to solve this prob-
lem [10]. We can use this method under the step-index
approximation because the velocity profile is constant ev-
erywhere, except at the interfaces, where the solution can
be found by the continuity of the quantum field φ(τ) and
its first three derivatives there. To define the transfer
matrices M1 from region I to II and M2 from region II to
III, we use auxiliary matrices m1 and m2, whose entries
are the four amplitudes of the field and its derivatives
(φ, φ′, φ′′, φ′′′), i.e.,
m1 =
 1 1 1 1−iω11 −iω12 −iω13 −iω14−ω211 −ω212 −ω213 −ω214
iω311 iω
3
12 iω
2
13 iω
3
14
 , (37)
m2 =
 1 1 1 1−iω21 −iω22 −iω23 −iω14−ω221 −ω222 −ω223 −ω224
iω321 iω
3
22 iω
2
23 iω
3
24
 . (38)
The first subindex i in ωij corresponds to the velocity
v1 or v2, and the second one j to the particular solution
1-4 ordered always as u, ul, ur, and v—the same order
8as in Fig. 6. Then, the transfer matrices are simply
M1 = m
−1
2 m1, M2 = m
−1
1 m2 = M
−1
1 . (39)
It is also convenient to define matrices that propagate the
solution between the two interfaces of the cavity. These
are
PL = diag(e
iω21τc , eiω22τc , eiω23τc , eiω24τc), (40)
PR = diag(e
−iω21τc , e−iω22τc , e−iω23τc , e−iω24τc). (41)
Finally, the transfer matrix M from region III to I is
M = M1PLM2 = m
−1
2 m1PLm
−1
1 m2. (42)
With M we can obtain the coefficients A in terms of C
from
φI = MφIII. (43)
In a similar way, we can obtain C in terms of A using
M−1.
Let us write down the problem: starting from a given
comoving frequency ω′ and four coefficients C [A], we
can determine the eight complex frequencies ω1(ω
′) and
ω2(ω
′) and the other eight coefficients A and B [B and
C].
With the conditions in Fig. 6, we define a spontaneous
lasing mode for the OBHL as a mode where the fluctua-
tion φ(τ) is square-integrable and the imaginary part of
its comoving frequency ω′ is positive. The solution for the
first coefficient can be found analytically, but the equa-
tion for the second one is transcendental and needs to be
solved numerically. We can find the instabilities or lasing
modes ω′` varying the two parameters that describe the
cavity: the pulse separation τc—like “length”—and the
optical contrast δnmax—like “height”. In Table I we show
the number of instabilitiesNins found for cavities with pa-
rameters τc = {6, 13, 20}fs and δnmax = {0.01, 0.05}.
We also calculated the probability of confinement Pc
that specifies how much of the probability distribution of
the quantum field φ is inside the cavity:
Pc =
∫ τc
0
dτ |φ(τ)|2, (44)
where |φ|2 is normalized from −∞ to ∞. In Fig. 7 we
show the probability density |φ|2 for the instabilities in
Table I.
In all solutions found, Pc < 1 because there is a pos-
sibility that the field tunnels out and escapes the cavity
formed by the horizons. This is the typical behavior of
resonant Hawking radiation and is similar to the findings
in the acoustic system [10, 33, 34]. From Table I and Fig.
7, we see that the ground state increases its confinement
with the size of the cavity, i.e., increasing τc or δnmax.
In this way, we found a discrete set of instabilities ω′`
for a given geometry of the cavity τc and δnmax. The
corresponding values of Pc are also in Table I and the
τc(fs) δnmax Nins ω
′
`(PHz) Pc(%) xa(m)
6
0.01 1 0.351 + i1.64 · 10−6 36 9.23
0.05 1 0.333 + i6.12 · 10−5 47 0.25
13
0.01 1 0.355 + i9.60 · 10−7 74 1.32
0.05 2
0.350 + i1.45 · 10−5 95 0.09
0.319 + i4.87 · 10−5 36 0.31
20
0.01 2
0.356 + i4.78 · 10−7 87 2.58
0.349 + i5.08 · 10−7 21 2.52
0.05 3
0.354 + i5.02 · 10−6 96 0.26
0.337 + i2.58 · 10−5 11 0.06
0.312 + i1.16 · 10−5 60 0.12
TABLE I. Parameters of instabilities in six different cavities
with τc and δnmax.
probability density |φ|2 in Fig. 7. The number of insta-
bilities Nins increases with τc and with δnmax in those
examples. Is it possible to know before hand how many
instabilities are there given the parameters of the cav-
ity? In the next section we compare the solutions found
by the theory of instabilities with the resonances of the
plane-wave model used in Section III and show that it is
possible.
V. INSTABILITIES VS PLANE-WAVE
RESONANCES
In the previous section, we showed how to find the
instabilities (lasing modes) of an OBHL for any geometry
of the cavity (τc, δnmax). We use now a simple model to
get a better physical picture of the lasing modes ω(ω′`)
with complex frequency ω′` = ω
′
R + iω
′
I , but now in the
limit ω′I → 0, i.e., a plane-wave model with real frequency
ω(ω′R) used in Section III.
The modes trapped in the cavity are ω2ur and ω2ul,
according to Section III B. Each time one of these modes
reaches an horizon, it is amplified through the analog
Hawking effect. This evolution still conserves the norm
due to the existence of negative-norm modes (dashed
lines in Fig 2). After each cycle, a mode ω1u leaves the
cavity and its amplitude increases with each cycle. This
is the so-called plane-wave model and it can verify if the
solutions of ω fulfill a cycle condition for the resonance
condition [17, 27].
A. Resonance condition
A resonance is produced when trapped radiation has
a phase difference of a multiple of 2pi after an oscillation
period [10, 27]. However, we must also consider the two
reflections in each period, one for each horizon and each
one producing a phase change of pi/2. Then, the phase
difference of trapped modes ω2ul and ω2ur should fulfill
τc∆ω = (2n+ 1)pi, n = 0, 1, 2, . . . . (45)
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FIG. 7. Probability density |φ(τ)|2 of the instabilities for the cavities in Table I.In these examples, the ground state (green)
always exists, the first excited state (pink) in three cases, and the second excited state (blue) in one. The vertical dashed lines
mark the cavity.
The first resonance (n = 0) at τc∆ω = pi is the ground
state instability. The second resonance (n = 1) is the
first excited state instability and so on.
We can analyze the resonance condition from two
points of view: vary τc while keeping δnmax fixed and
keep τc fixed while varying δnmax. Both solutions are
shown in Fig. 8, the black points are the resonances re-
sulting from the phase-matching condition in Eq. (45)
shown as color curves. The colored points are the insta-
bilities obtained in Section IV for τc = {6, 13, 20}fs
and δnmax = 0.05 in (a) and τc = {6, 13}fs and
δnmax = {0.01, 0.05} in (b).
In most cases, the frequencies ω′R predicted for the res-
onances are close to those for the instabilities, their values
differ less than 7%. Their discrepancy can be explained
because the resonance condition (45) does not contain
information about the “height” of the cavity δnmax. The
only information imposed for resonances is the minimum
value δnmax to trap the mode ω
′
R, given by the condition
δnmax > δnt, as shown in Fig. 8(b).
The number of resonances in the plane-wave model in
the parameter space of the cavity geometry (τc, δnmax)
is shown in Fig. 9. The colored regions limited by solid
black lines show the parameters for the number of reso-
nances from 0 to 4. We can compare it with the num-
ber of instabilities Nins found for several cases including
those from Table I and Fig. 7. The resonances approxi-
mate the number of solutions but they do not capture all
the physics, e.g., there are several geometries in Fig. 9
where there is one more instability than resonances. This
is expected as there is slightly more flexibility for an in-
stability to be square-integrable because its parameters
are complex ω′ ∈ C, these cases are the ones where the
difference in frequency is larger.
B. Phenomenological model
We introduce a phenomenological model to character-
ize the number of instabilities or resonant modes in a
cavity. This model is taken directly from fiber optics,
where it is used to calculate the number of modes al-
lowed in a fiber [35]. The cavity in this case is the phys-
ical transversal dimensions of the fiber, usually limited
by a core. This model is described by the parameter V ,
given by
V = k0a
√
n21 − n22, (46)
where k0 is the wavenumber of the radiation, a is the
core radius, n1 and n2 are the two index of refraction
that make the optical contrast. Making the changes of
variables to match our geometry, where the radiation is
trapped not in the transversal dimension as in a fiber,
but in the longitudinal direction or delay, the equation
would be
Vτ =
(
ω′(ωh)
2
)2
τ2c δnmax. (47)
The parameter Vτ is dimensionless and depends on
the geometry and contrast of the longitudinal cavity.
The values of Vτ are limited by red dashed lines in Fig.
9, where it is clear that this phenomenological model
matches very well to the number of resonances. This
shows a simpler way to predict the number of resonant
modes for a given geometry of the cavity. For exam-
ple, for Vτ < 0.028 there are no resonances and for
0.028 < Vτ < 0.253 there is a single resonance. This is
similar to the way that parameters of single-mode fibers
are found in the original use of the phenomenological
model with V .
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FIG. 8. (a) Phase difference τc∆ω for varying τc and fixed
δnmax. The phase differences for pi, 3pi and 5pi for the reso-
nances are marked with black points and the instabilities with
colored points. (b) Fixed τc and varying δnmax, marked with
vertical dashed lines. Resonances should be on the right side
of these lines.
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FIG. 9. Number of resonances in the parameter space of the
geometry of the cavity (τc, δnmax). The colored regions have
0 to 4 resonances (large black numbers) separated by a black
line. The number of instabilities Nins (small purple numbers)
in the corresponding point of the parameter space goes from
1 to 3. The red dashed lines come from the phenomenolog-
ical model for instabilities in Eq. (47), it matches well the
resonances.
C. Propagation time
Up to now, we have verified that the cavity modes are
square integrable in the delay τ and that ω′R, the real
part of ω′`, fulfills the resonance condition; now we want
to focus on the information given by its imaginary part
ω′I . According to Eq. (34), this quantity describes the
amplification rate of the instability in terms of the prop-
agation time ζ. In a cavity with more than one instabil-
ity, the one with larger ω′I is amplified faster and quickly
dominates over other instabilities.
We can set numerical values and calculate the propa-
gation time by considering that the model stops working
when the energy of the quantum fluctuation is the same
as the energy of the classical cavity that holds it, this is
our figure of merit. In fact, the energy of the fluctuations
is taken from the cavity, as in the Hawking process the
energy for the photon production is taken from whatever
causes the curvature or surface gravity. In the astrophys-
ical case this is the mass of the black hole, and in optical
analogs is the light pulses causing the optical contrast δn
of the cavity. This means that the model stops working
before this point, but this gives us the order of magnitude
of the corresponding amplification time ζa and distance
xa.
Due to energy conservation, the total energy density
in the system ρS must be the same at any time ζ. Then
ρS(0) = ρ`(ζ) + ρc(ζ), (48)
where ρ` is the part of the instability
ρ`(ζ) = ~ω`|φmax|2e2ω′Iζ , (49)
and ω` belongs to the instability that maximizes |φmax|2
inside the cavity. The term ρc is the energetic part of the
cavity formed by light pulses
ρc(ζ) = ρc(0)e
−2ω′Iζ , (50)
where ρc(0) is the initial energy density of the cavity that
gives energy to the fluctuation. To find it, recall from Eq.
(20) that δnmax is related to the maximum intensity of
the pulse by I = δnmax/n2, then
ρc(0) =
δnmax
n2
A, (51)
where n2 is the nonlinear index and A is the effective
mode area of the fiber. Replacing Eq. (51) in Eqs. (49)
and (50) and after some algebra we find
ζa =
1
2ω′I
ln
(
δnmaxA
~ω`|φmax|2n2
)
, (52)
this is the lifetime of the instabilities. The distance
traveled by the mode inside the optical fiber in that
time is xa = uζa. A photonic-crystal fiber commonly
used in analog Hawking radiation experiments has non-
linear index n2 = 2.2 × 10−20m2/W [35], effective area
11
A = 7.84×10−14m2, and group velocity u = 0.2014µm/fs
[36]. The amplification distances xa are reported in the
last column in Table I, where the order of magnitude is
of meters. This means that the self-amplified Hawking
radiation should obtain high levels of energy, compara-
ble to classical ones, while it propagates in a meter-long
fiber.
VI. CONCLUSIONS
In this work we found the dispersion relation for a
quantum field fluctuation in an optical fiber. A light
pulse propagating inside the fiber creates analogs of the
event horizon and, under certain conditions, a fluctuation
is generated spontaneously in an amplification process
similar to that of Hawking radiation in an astrophysi-
cal black-hole: This is the optical analog of the Hawking
effect.
This fluctuation can be further self-amplified if its gen-
erated in a configuration known as optical black-hole
laser, where two pulses trap and amplify the radiation
using the energy of light that forms the cavity. This con-
figuration is usually described by plane-wave modes with
real frequencies.
In this work we allowed all the frequencies to be com-
plex and use the theory of instabilities. We restrict
ourselves to solutions whose real part of the comoving
frequency is positive to describe amplification processes.
With this, we obtained the instabilities as the global cav-
ity modes that are normalizable. The instabilities are
trapped inside the cavity and their probability distribu-
tion behaves as that of eigenstates in quantum mechan-
ics, e.g., the increasing number of maxima in the unstable
modes shown in Fig. 7 and the fact that the confinement
increases for a larger cavity.
We compared our results for the instabilities by com-
paring with the resonant conditions in the plane-wave
model. We found a good agreement considering that the
plane-wave model has some limitations. We described
the evolution of self-amplifying radiation inside the cav-
ity that is usually hidden in more complicated models
[16, 17]. For example, the fact that analog Hawking ra-
diation can tunnel out of the cavity, similar to the usual
behavior of Hawking radiation.
We also used a phenomenological model inspired by
fiber optics to predict the number of resonances and in-
stabilities. This models matches almost perfectly with
the number of resonances and can be obtained simply
with the length and optical contrast of the cavity and
the frequency of the initial Hawking radiation. Lastly,
with a simple model we obtained the order of magnitude
of lifetime of the instabilities.
A deeper understanding of the parameter region where
the number of instabilities and resonances do not match
is needed. It would be also interesting to design a cav-
ity with the highest amplification rate of Hawking radia-
tion. One thing is certain, the theory of instabilities is a
powerful tool that can be used in the study of resonant
Hawking radiation.
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